The equations describing the continuous spectrum of shear Alfvén and ion sound waves propagating along magnetic field lines are introduced and solved in the ballooning space for general geometry in the ideal MHD limit. This approach is equivalent to earlier analyses by Chu & al. 1992 but the present formulation in the ballooning space allows to readily extend it to include gyrokinetic and three-dimensional equilibrium effects. In particular, following Chen and Zonca 2017, the MHD limit is adopted to illustrate the general methodology in a simple case, and the equations are solved within the framework of Floquet and Hill's equation theory. The connection of shear Alfvén and ion sound wave continuum structures to the generalized plasma inertia in the general fishbone like dispersion relation is also illustrated and discussed.
I. INTRODUCTION
Computing the shear Alfvén wave (SAW) continuous frequency spectrum [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] in general toroidal geometry is important because it determines mode structures and dispersive properties of Alfvénic fluctuations excited by energetic particles (EPs) in fusion devices, which, in turn, play crucial role in determining the plasma collective behaviors and eventually may affect fusion performance 14 . Due to equilibrium magnetic field curvature [15] [16] [17] [18] [19] , shear Alfvén wave (SAW) and ion sound wave (ISW) continuous frequency spectrum are coupled and, thus, their structures should be considered self-consistently, taking into account realistic equilibrium magnetic field geometry and plasma nonuniformity.
In numerical applications adopting realistic equilibrium reconstruction, the typical approach to the coupled SAW and ISW spectra is to Fourier decompose the fluctuation structure in general poloidal and toroidal angles and to compute the null space (kernel) of the matrix of the highest order radial derivative 19 , e.g., of the radial plasma displacement. This is completely equivalent to solve for the radial singular structures of the coupled SAW and ISW propagating along the field lines, described by two second order coupled differential equations 20 . In particular, the latter method has been adopted to compute the SAW and ISW spectra in DIII-D 20 , focusing on both shaping and finite pressure effects on the continuous spectrum structures at low frequency [20] [21] [22] [23] . If the ideal MHD plasma description is adopted, again, the two approaches described above are mathematically equivalent, although it has been pointed out in Ref. 20 that the second method has advantages when computing the high toroidal mode number continuous spectra.
Kinetic description becomes necessary at short wavelengths and/or low frequencies to account for finite parallel electric field and wave damping. For the SAW-ISW coupling at low frequency and corresponding frequency gaps [20] [21] [22] [23] with possible discrete modes localized therein [24] [25] [26] , the need of kinetic theory for the damping assessment was pointed out in Refs.
27-29 and motivated gyrokinetic stability studies of low-frequency Alfvénic fluctuations exctited by EPs with realistic geometry and plasma profiles [30] [31] [32] . The radial singular structures characterizing the SAW and ISW continuous spectra are most easily isolated 33, 34 adopting the ballooning mode representation 35 , or the mode structure decomposition approach 36 , which applies for arbitrary mode numbers and reduces to the ballooning representation in the high mode number limit. Within this framework, the general description of SAW and ISW using gyrokinetic theory has been given in Refs. 14,37,38, and allows to include thermal plasma [39] [40] [41] [42] [43] [44] as well as EPs induced 38, [41] [42] [43] 45 kinetic effects in the analysis of the continuous spectra.
This premise provides a motivation of the present work, which is to show that the coupled second order differential equations describing SAW and ISW propagation along equilibrium magnetic field lines for general geometry are most easily expressed and solved in the ballooning space. In the ideal MHD limit, as already stated, this is equivalent to the approach adopted in Ref. 20 . The present methodology, however, is readily extended to include gyrokinetic description 14, 37, 38 and 3D geometry 46 . Furthermore, this formulation not only allows us to discuss the structures of SAW and ISW continuous spectra in general toroidal geometry, but it provides the simplest and most direct way of computing the generalized inertia as an ingredient of the general fishbone-like dispersion relation (GFLDR) 14, 37, 38 ; that is, the unified framework for describing Alfvénic fluctuations excited by EPs in tokamaks.
In Sec. II, in order to establish a link to prior work more closely, we take the ideal MHD along with its usefulness to generally describe continuous spectra.
A. Notation and fundamental equations
In this work we assume an axisymmetric equilibrium magnetic field B 0 expressed in flux coordinates (r, θ, ϕ):
where r(ψ) is a radial-like flux coordinate, ϕ is the physical toroidal angle and the angular coordinate θ can be chosen such that the Jacobian J = (∇ψ × ∇θ · ∇ϕ) −1 has a convenient expression. Following the common practice, we also introduce the straight field line toroidal angle ζ, defined such that the safety factor
is a flux function. We introduce the leading order perpendicular plasma displacement as usual,
with Φ s being the perturbed stream function 47 . The fluctuating field
expressed as a Fourier series, where m and n represent the poloidal and toroidal mode numbers, respectively, can be decomposed as 59 :
Here, time dependences are left implicit for simplicity of notation, and ϑ represents the it is possible to derive the expressions describing the structure of the continuum modes in flux coordinates. In particular, assuming JB 2 0 constant on a flux surface, yielding the so called "Boozer coordinates", we obtain 47 :
where
φ s (r, ϑ) ≡ |sϑ||∇r|Φ s (r, ϑ), s = rq /q is the magnetic shear, k ϑ = −nq/r, and δP comp (r, ϑ) is the representation of the compressional component of the pressure perturbation according to Eq. (4) 47 . Furthermore, κ g is the geodesic curvature in Boozer coordinates:
β = 8πΓP 0 /B 2 0 ,B 0 is the magnetic field on axis, r = aρ tor , where ρ tor is defined, as usual, as a function of the normalized toroidal magnetic flux and a is the minor radius of the torus. Note, again, that periodic equilibrium field dependences on θ are replaced by the same periodic dependences on ϑ in the ballooning space.
These equations describe SAWs and ISW continuous spectra coupled by equilibrium nonuniformities and geodesic curvature. Both type of waves propagate along equilibrium magnetic field lines and, therefore, radial equilibrium nonuniformities are accounted for by r, which enters in Eqs. (5) as a parameter. Note also that the continuous spectrum does not depend on magnetic shear although it formally appears in Eqs. (5) (36) of the same work. This theoretical framework is similar to the description of electron wave-packets in a 1D periodic lattice, see e.g. Ref. 60 . The interesting analogy 14 is due to the fact that the governing equations of low-frequency plasma waves in magnetized plasmas describe the propagation of wave-packets along magnetic field lines with periodicity given by the plasma connection length. Therefore, this correspondence is independent of the axisymmetry of the equilibrium magnetic field and/or the fluid/kinetic nature of the theory.
In particular, Eqs. (6), are Schrödinger-like and produce structures analogue to electronic bands in solid-state physics. Further discussion of this interesting analogy is given in Refs.
14,37,38.In the following, we will focus on the solution of Eqs. (5) . By direct inspection, it is readily noted that, adopting Boozer coordinates, ISW continuous spectrum is more simply represented than SAW continuous spectrum, due to the modulation term ∝ ∂ 2 ϑ |∇r|/|∇r|. Since there is usually more interest in the SAW than in the ISW branch due to the stronger kinetic damping of the latter, we can rewrite Eqs. (5), introducing an appropriate angular coordinate to express the SAW frequency continuum more transparently; i.e.,
By construction, the Jacobian J η of this new set of coordinates, dubbed continuum flux coordinates (CFC), is such that J η B 2 0 /|∇r| 2 is a flux function. We obtain the following expression for the derivative along η (at constant ψ):
where C = (2π)
The Jacobians in the two set of coordinates are related by the following expression:
Introducing the normalizations:
we can re-write Eqs. (5) as
respectively, where the geodesic curvature in this new set of coordinates reads:
Equations ( B. Linear differential equations with periodic coefficients
Floquet theory
Equations (12) are a linear system of second order differential equations with periodic coefficients. Therefore, after re-writing it as four first order differential equations, we know from Floquet theory 48 that it must have solutions in the form:
where P i is a 2π-periodic function, i = 1, 2, 3, 4 and the ν i are complex numbers called characteristic Floquet exponents of Eqs. (12) . Finding the solutions of Eqs. (12) for a given value of r and, therefore, calculating ν i for each ω value is equivalent to obtaining the (local) dispersion curves of the system:
We emphasize that this relation involves only local quantities and describes wave packets propagating along magnetic field on a given flux surface. Recalling the physical meaning of the derivative along the ϑ coordinate 14,37,38 , we can relate the characteristic Floquet
and, in particular, to the toroidal and poloidal mode numbers n, m:
Equation (16) (15) and (16), it is possible to calculate the continuous frequency spectrum for every value of the toroidal mode number. In particular, Eq. (16) explicitly shows that continuous spectra can be computed for arbitrary n, once the dispersion curves ν i = ν i (ω, r) are given.
Extensions to 3D/stellarator geometry and gyrokinetic theory would be obtained in the same way from the more general governing equations as briefly discussed in Sec. II A.
For given ν i (ω, r); i.e., for given dispersion curves of Eqs. (12), it is possible to calculate the corresponding vector solutions; i.e., eigenvectors of the fundamental matrix X(ϑ), that is a matrix-valued function whose columns are linearly independent solutions of Eqs. (12) .
Furthermore, since the considered problem is linear, we can generally write the normalized eigenvector solution corresponding to ν i (ω, r) as
Here, without loss of generality, we can impose
where the η-space integration domain may be chosen as any convenient multiple of 2π due to the periodicity of Eqs. (12) . Meanwhile,
Thus, the (e Here, it is also worthwhile pointing out the connection of the Floquet characteristic exponent to the generalized plasma inertia, Λ, which is an essential element of the general fishbone-like dispersion relation (GFLDR) 14, 37, 38 :
where δŴ f and δŴ k account for, respectively, the generalized potential energy due to fluidlike plasma response and the kinetic plasma behavior due to, e.g., EPs. At a given radial location, the short scale (large-η) radial structure of any considered physical fluctuation (antenna driven and/or eigenmode) satisfies the same Eqs. (12) describing the continuous spectrum. Thus, the large-|η| local physical solution must be a linear superposition of the solutions of Eq. (14) . Among them, generally, only two satisfy boundary conditions (outgoing/decaying wave in η-space 14,37,38 ). Renumbering them as i = 1, 2, without loss of generality, we have where w 1 and w 2 are weights of the linear combination, which we can generally assume satisfying the normalization condition w 
where In order to calculate ν i as a function of ω for each r, we note that the fundamental matrix X(ϑ) of the first order system associated to Eqs. (12) must satisfy the following relation:
It can be shown 48 that M does not depend on ϑ and, therefore, is conveniently calculated for ϑ = 0:
Choosing the initial conditions such that X(0) = I, the 4x4 identity matrix in the present case, we obtain:
The eigenvalues of M are the characteristic multipliers of the system and can be expressed in terms of the characteristic Floquet exponents by the following relation:
Corresponding eigenvectors can be used to calculate parallel mode structures and polarization vectors, Eq. (17); e.g., to calculate P i (2π)/P i (2π) and the value of the generalized inertia from Eq. (22) . The same information can be adopted as boundary conditions for the calculation of fluid and kinetic potential energies in the GFLDR 14,37,38 . However, doing so is outside the scope of the present work.
Hill's equation
In the decoupled case (κ g = 0), Eqs. (12) become a system of two independent differential equations in the form:
where x = g 1 , g 2 ; which are a particular cases of Hill's equation [49] [50] [51] . Note that, consistent with previous notations, parametric dependences on r are left implicit for notation simplicity, while the dependence on ω of the potential function V (η; ω) is indicated explicitly. Reducing each one of these equations to a first order system and using the results summarized in the previous subsection, we know that they will have Floquet solutions satisfying the following property:
where i = 1, 2. We can show that the following relation holds 61 :
with:
where x 10 and x 01 are the particular solutions of the first order system associated to each
Hill's equation such that x 10 (0) = (1, 0) and x 01 (0) = (0, 1). In the particular case of even V (η; ω), it can be shown that A(ω) = x 10 (2π; ω). Solving Eq. (7) gives the following expression for the multipliers:
If |A 2 | < 2, roots are complex conjugates with unity absolute value while, if |A 2 = 2|, they coincide and are equal to 1. Finally, if |A 2 > 2|, roots are real and reciprocal to each other.
In particular, the first case describes the frequency continuum while the third the frequency gaps. From this expression is possible to calculate the characteristic exponent from the value of A(ω). In the first case we obtain:
where ν is real. From this analysis we expect up to two (opposite) values of ν for each ω in the decoupled case, corresponding to waves propagating in opposite directions along the field lines. This result can be generalized to higher dimensionality, e.g. see Ref. 51 , to describe the coupled system, where we expect up to two (pairs of opposite) ν values for each ω corresponding, again, to waves propagating in opposite directions along the field lines.
III. NUMERICAL RESULTS
In this Section, in order to show the generality of the present approach, we calculate the frequency continuum of SAW and ISW waves in a Divertor Tokamak Test Facility 
A. Normalized equations
The set of equations describing SAWs coupled with ISW can be re-written in terms of the following dimensionless quantities:
where v A0 is the Alfvén velocity on the magnetic axis. The non-dimensional form of Eqs.
(12) then reads now
Eqs. (34) are studied numerically in the remaining part of this work for the DTT reference scenario illustrated in the following subsection. The magnetic equilibrium has been originally calculated by means of the free bounddary equilibrium evolution code CREATE-NL 62 and further refined and mapped on flux coordinates by using the high-resolution equilibrium solver CHEASE 63 . We consider a double null setting whose basic profiles are depicted in FIG.3 as a function of the normalized toroidal radius r/a. We note that, for the analyzed case, the kinetic pressure on axis is 1.0768 × 10 
B. DTT reference scenario

C. SAW continuous spectrum
The equation describing SAW continuous spectrum can be obtained from Eqs. (34) by neglecting the coupling terms with the ISW branch. Thus, we have
In order to illustrate with a practical application the procedure introduced in Sec. II B 1, we first show the local dispersion curves ν(Ω) obtained integrating Eq. (35) at fixed r/a, i.e., Thus, two counter-propagating SAWs can form a standing wave and cause the formation of a frequency gap in the continuous spectrum 13, 18, 65, 66 , when the Bragg reflection condition is satisfied; that is:
Due to the periodicity of Floquet solutions, Eq. (14), Eq. (15) can be effectively reduced to the first Brillouin zone, 0 ≤ ν ≤ 1/2, and frequency gaps are expected to appear at 37,38 (cf.
Appendix A)
with
consistent with Eqs. (36) and (37) . As anticipated above, dispersion curves ν = ν(Ω, r/a),
i.e., the dimensionless form of Eq. (16), include all the relevant information for the construction of continuous spectra. Using Eq. (14) As anticipated above, one of the peculiar features of the approach proposed by the present work is that the dispersion curves are independent of n and, therefore, the evaluation of the continuous spectrum for different toroidal mode numbers merely requires the numerical solution of an algebraic equation, Eq. (16). Another interesting property of the present methodology is the freedom in the choice of the radial mesh due to the (radial) local nature of the problem that we are solving. This feature can be exploited to more accurately describe regions where the continuous spectrum is more convoluted. Finally, the present approach is readily extended to 3D geometries and kinetic analyses, as noted in the Introduction and Section II.
The same analysis can be repeated for the ISW continuum. In fact, Eq. (34b) can be cast in the same form as Eq. 35 using Boozer coordinates and normalizing the frequency to the local sound speed rather than the Alfvén speed on axis. Results, thus, would be exactly the same as in FIG.6 upon a suitable rescaling of ISW continuum frequencies. In particular, a toroidicity induced gap would appear for p = 1 in Eq. (38) ; an ellipticity induced gap would occur for p = 2 and so on. These frequency gaps have not received significant attention in the literature since, as already pointed out in previous sections, the ISW branch is typically affected by strong Landau damping [27] [28] [29] [30] [31] [32] 42 and, therefore, discrete modes that are possibly located in these gaps are characterized by high excitation thresholds 14, 37, 38, 47 . Meanwhile, the features of ISW-ISW and SAW-SAW couplings due to equilibrium geometry are identical, as are the corresponding structures of continuous spectra. Therefore, a detailed calculation of the uncoupled ISW continuum is omitted here.
D. Coupled system
In the general case, we cannot neglect the SAW-ISW coupling due to equilibrium nonuniformities and we need to study the coupled system of Eqs. (34a) and (34b). In order to calculate the structures of SAW and ISW continuous spectra, we apply the procedure described in Section II. For the reference value r/a = 0.58, the result is depicted in FIG.8 uncoupled case in the vicinity of the intersection points between SAW and ISW dispersion curves. In particular, it is worthwhile noting that standing waves and corresponding frequency gap formation can occur not only at the Bragg reflection condition, Eq. (37), due to the interaction of two counter-propagating SAWs or ISWs (cf. green and red solid circles in FIG.5) , but also when k m+p,n Γβ 2 can also interact with a forward propagating SAW, when
In this case, however, a standing wave cannot be formed, as it is clearly shown by the dashed 
1 (η; ν i , r) (playing the role of "eigenvector"), and the corresponding polarization 
IV. CONCLUSIONS AND FUTURE PERSPECTIVES
This work, as an application of the general theoretical framework discussed in Refs.
14,37,38, illustrates the calculation of continuous spectrum structures in realistic tokamak Besides the simplicity of the present approach, based on the solution of two coupled second order ordinary differential equations for the local (singular) plasma response, the interesting aspect is that the present methodology could be readily extended to 3D plasma equilibria, such as stellarators, thanks to the generality of ballooning representation 46 . Following the the general theoretical framework of Refs. 14,37,38, the present formulation could be employed within a linear gyrokinetic description of coupled SAW and ISW continua. Relevant equations, in this case, would be the short radial scale gyrokinetic vorticity equation (Eq. 
